In this study, the sensitivity of future lepton colliders to WIMP dark matter is evaluated assuming WIMP pair production accompanied by a photon from initial state radiation, through which the process can be identified. A full detector simulation for the International Large Detector (ILD) concept at the International Linear Collider (ILC) is performed for a centre-of-mass energy of 500 GeV. Energy scales of up to 3 TeV can be tested for different effective operators for WIMP masses almost up to half the centre-of-mass energy. The sensitivity benefits from the polarised beams, which can reduce the main SM background from neutrino pair production substantially. In addition, systematic uncertainties are shown to be significantly reduced by combining data with several different polarisation configurations. In comparison to a previous study, the reconstruction of the forward detectors has been improved and the systematic uncertainties are fully treated. The results are also extrapolated to other centre-of-mass energies, luminosities and beam polarisations. This allows to provide results for the full ILC programme, i.e. from 250 GeV to 1 TeV, as well as to give approximate results for other planned lepton colliders.
Introduction
The nature of dark matter, which today is known to account for about 27% of the total energy density in the universe [1] and thus contributes more than 5 times as much as ordinary matter, is one of the most important questions the Standard Model of particle physics (SM) fails to answer in a satisfactory way. Weakly Interacting Massive Particles (WIMPs) are among the primary candidates for dark matter and are being searched for via many different experimental approaches. These comprise searches for astrophysical WIMPs through direct and indirect detection as well as collider searches which offer the possibility of producing WIMPs -either directly or in the decay of other, more heavy exotic particles. Furthermore, lepton colliders offer unique capabilities to probe WIMPs via energy scans (to determine their mass) and beam polarisations (to determine their couplings). At collider searches, the tested scenarios range from simplified signatures to complete models [2] . For complete models the full particle content, their mass spectra, and interactions among themselves and with SM particles are available for experimental tests. In a simplified setup, the generic signature to search for is WIMP pair production via an effective coupling between WIMPs and SM particles. The effective coupling can be modeled using an intermediate mediator particle of a certain mass. While dark matter particles do not interact with the detector material and escape detection, visible particles recoiling against WIMPs can be used to identify this signature. This process is being searched for at the LHC considering all kinds of visible particles [3] [4] [5] . In case of lepton colliders, WIMP searches are performed using a photon from initial state radiation (ISR), as illustrated in Fig. 1 . To date the only lepton collider bounds on WIMPs via the mono-photon signature have been derived from LEP results [6] [7] [8] . While direct detection experiments and WIMP production at hadron colliders always require nonvanishing coupling to quarks, searches at lepton colliders depend only on the couplings to leptons, specifically the electron. Therefore, results from lepton colliders cannot be compared to those from hadron collider or direct detection without making model assumptions on the relative strengths of the coupling to leptons and quarks.
A connection between the couplings to leptons and to quarks can be made by requiring that the relic abundance of a thermally produced WIMP should not be higher than the relic density of dark matter observed today, which constrains the couplings of the WIMP and the mediator to the various SM particles from below. Based on this constraint, the interplay between direct and indirect detection as well as collider searches has been studied in a global likelihood analysis based on an effective field theory (EFT) ansatz for the example of a singlet-like Majorana fermion WIMP [9] . This example shows that there are significant regions in parameter space not probed by the LHC that can be covered by future high-energy lepton colliders. The coverage by a future e + e − collider is based on projections obtained in a rather old study [10] .
In this paper, we re-analyse the mono-photon signature using a full simulation of the ILD detector concept for the ILC at √ s = 500 GeV, with a detailed treatment of the machine environment, including the luminosity spectrum and high cross-section γγ-induced processes, and a careful consideration of systematic uncertainties. The results of this paper supersede those of [10] . The presented study is based on [11] which can be consulted for additional material. Sec. 2 is dedicated to the ILC and the simulation of the accelerator environment as well as the detector simulation and the event reconstruction.
The sensitivity to a WIMP signal will be calculated using the photon energy distribution, which looks different for signal and background. The dominant irreducible SM background to the signature shown in Fig. 1 is neutrino pair production with an associated photon (radiative neutrino pair production). Since neutrino events are indistinguishable from WIMP events on an event-by-event basis, the event selection is designed so that the majority of these events survive. Because of the high polarisation dependence of the most dominant background, different polarisation data sets offer different discovery prospects for dark matter. Beyond the irreducible neutrino background, any process with a photon in the final state can contribute to the total background provided that all other particles escape detection. SM processes which contain either jets or charged particles are comparably easy to distinguish from a WIMP event, leading to only negligible contribution to the total background [10] . This, however, does not apply to radiative Bhabha scattering, i.e. electron-positron pair production with an associated photon from initial or final state radiation, which has a huge cross-section and can mimic the signal if both leptons escape undetected, for example through the beam pipes. The modeling of these two most important background processes (neutrino pair production and Bhabha scattering) has been improved considerably with respect to earlier studies and will be discussed in detail in Sec. 3, followed by a description of the event selection and of the relevant systematic uncertainties.
In order to cover a large range of potential signatures, the general approach of effective operators [12] [13] [14] [15] [16] [17] [18] [19] is chosen for the presentation of the results in Sec. 4. In the EFT framework, the sensitivity depends on the type of operator describing the WIMP production, the mass and spin of the WIMP, and on the parameter Λ, which defines the energy scale at which the new physics becomes important. In this study, three different operators with vector, axial-vector and scalar tensor structure as presented in Table 1 are used. The energy scale Λ is related to the cross-section as σ ∝ 1/Λ 4 . At lepton colliders, the probed energy scales are typically much higher than the centre-of-mass energy, so that the validity of the EFT is ensured.
The polarised double-differential cross-section formulas for the WIMP pair production with one ISR photon d 2 σ dE γ d cos θ γ are taken from [12] . For the considered operators, WIMP pair production is only possible for either opposite helicity of the two colliding particles (vector operator) or same sign helicity (axial-vector and scalar operators). Table 1 : Effective operators used in this analysis and their chiral properties.
four-fermion operator
As opposed to the lepton collider case, mono-X (where X stands for any SM particle) searches at the LHC cannot probe new physics scales above the centre-of-mass energy, and thus EFT is not a suitable approach for their interpretation [20, 21] . Instead, simplified models have to be used [22] , in which Λ relates to the mediator mass and its coupling to the SM fermions g SM and its coupling to the WIMPs g χ in the following way: Λ = M mediator / √ g SM g χ . So, results from lepton and hadron colliders cannot be compared directly, but the sensitivity presented in terms of the single parameter Λ has to be expressed using at least three free parameters (M mediator , g SM and g χ ). Furthermore, lepton colliders probe the coupling of the mediator to leptons g ee SM , while hadron colliders probe its coupling gSM to quarks. So, results from lepton and hadron colliders cannot be compared without assuming a specific model, which specifies not only M mediator and g χ , but also g ee SM and gSM . In the final step, we extrapolate the obtained results to other centre-of-mass energies, integrated luminosities and beam polarisations, as described in Sec. 5. Though still based on the ILD simulation, these extrapolations can be regarded as good approximations for the capabilities of other future e + e − colliders than the ILC. We summarise the conclusions in Sec. 6.
Experimental considerations
In this section the experimental environment is discussed, with a focus on those aspects of the ILC and the ILD detector which are of particular relevance for the WIMP search.
The International Linear Collider
The ILC is a planned electron-positron collider based on a superconducting acceleration technology [23] [24] [25] [26] [27] . It is a lepton collider at the energy frontier with centre-of-mass energies in the range of 250-500 GeV and 1 TeV after an upgrade, and unprecedented luminosities. Both beams are foreseen to be polarised, the electrons with 80% and the positrons with 30% polarisation. The particles are brought to collisions with a crossing angle of 14 mrad.
For the requirement of high luminosity, small beam sizes are a prerequisite. The resulting strong fields lead to the emission of beamstrahlung photons [28] . Due to this energy loss, the beam energy spectra have a characteristic distribution. The beamstrahlung photons can produce background processes, like electron-positron pairs and hadronic events, both characterised by small transverse momenta. As these processes happen simultaneously and independently of the electron-positron process, they form pile-up polluting SM background events as well as the signal-like events. Hence, in order to efficiently detect signal events, one needs to also include events having a certain detector activity in addition to the signal photon, rather than only select events with a signal photon and nothing else. See Sec. 3.3 on the event selection. The effect of these pile-up processes are simulated by overlaying them on top of the e + e − process and hence this type of background will be referred to as overlay. 
energy [GeV]

The simulation of the accelerator environment
This analysis is based on a Monte Carlo simulation with a realistic description of both the detector and accelerator environment. The particle beam propagation and beam-beam interactions are simulated using GUINEAPIG [29] , which provides the overlay events from coherent and incoherent e + e − pair production as well as the expected beam energy spectra, which are shown in Fig. 2 . The latter are required for a realistic description of the centre-of-mass energy distribution, i.e. the luminosity spectrum, in the event generation. In the second preparational step for the event generation, the luminosity spectrum is parametrised with the programme CIRCE2 [30] .
Modelling the processes involving the beamstrahlung photons is crucial to provide a realistic description of the experimental environment at ILC energies. This is especially important for the WIMP study, because this overlay is the main detector activity besides the photon in signal events. In the simulation, an anti-DID [31] magnetic field is included which directs the majority of pairs into the holes of outgoing beam pipes. In Fig. 3 , this increase of the energy of electron-positron pairs towards the centre of the forward calorimeter BeamCal can be seen.
Operation scenario
The main results of this WIMP search are the sensitivities expected for the data taken assuming a programme for 20 years of operation (called H20 scenario in [32] ). This scenario foresees in particular a data set of 4 ab −1 to be collected at a centre-of-mass energy of √ s = 500 GeV. More recently, a staged version of the ILC has been proposed which would start by collecting 2 ab −1 at √ s = 250 GeV before extending the linacs to reach √ s = 500 GeV [33] . The ILC has been designed for up to √ s = 1 TeV. While the full detector simulation study presented in this paper has been performed for the √ s = 500 GeV stage, extrapolations of the results to lower and higher energies will be provided.
At the ILC, both beams are foreseen to be polarised. Thus, the particles can be brought to collision with four different polarisation configurations: sgn P(e − ), P(e + ) = (−, −), (−, +), (+, −) and (+, −), where "−" denotes left-handed and "+" denotes right-handed helicity and |P(e − )| = 80% and |P(e + )| = 30% are the nominal absolute values at the ILC. At √ s = 500 GeV, the standard sharing between the different polarisation sign configurations according to the H20 scenario is 40% for (−, +) and (+, −), each, and 10% for each of the equal-sign configurations.
The modeling of the International Large Detector concept
The production of the Monte Carlo events for the neutrino and Bhabha scattering background processes comprises three steps: the event generation using WHIZARD, the simulation of the interaction of the generated particles with the detector material using the GEANT4-based [34] [35] [36] detector simulation MOKKA [37] (version 08-00-03 in ILCSOFT version 01-16-02), and the event reconstruction in the MARLIN framework [38] (ILCSOFT version 01-17-11). The setup of the event generation will be discussed in more detail in Sec. 3.1, as the correct and complete modeling of events with one or several photons from initial or final state radiation is a crucial ingredient to this analysis. The detector simulation and reconstruction includes all overlay-type of backgrounds from beamstrahlung and γγ → low-p t hadron processes.
The detector model ILD_o1_v05, an implementation of the International Large Detector (ILD) concept [27] , is used for the simulation. Together with SiD [27] , ILD is one of the two concepts for a multi-purpose detector at the ILC, with a TPC-based tracking system in the inner part, followed by electromagnetic and hadronic calorimeters, embedded in a magnetic field.
In the mono-photon analysis, the tracking system is needed to discriminate photons from electrons, i.e. neutral from charged electromagnetic showers. The electromagnetic calorimeter (ECAL) is essential for this analysis as it measures the energy and angle of the photon. The hadronic calorimeter is required to veto hadronic events. The muon system, the outermost part of the detector, is used to reject muon events.
An excellent hermeticity in the forward region, down to polar angles of about 6 mrad, is achieved by three additional calorimeters on both sides of the detector, of which BeamCal is especially important to suppress background from radiative Bhabha scattering. The impact of a larger uninstrumented region around the beam pipes, which could be required e.g. in cases where the final focus quadrupoles of the accelerator need to be much closer to the experiment, will be discussed in Sec. 4.3. With respect to [10] , the modeling of the background from e + e − pairs from beamstrahlung as well as the reconstruction and identification of the clusters from isolated high-energy e ± in BeamCal [39] have been improved both in terms of efficiency and realism.
Photon reconstruction
The photons deposit most of their energy in ECAL, which consists of 30 readout layers interleaved with tungsten absorbers. The pixel size of 5 × 5 mm 2 provides a high granularity which allows for good pattern recognition and good separation of showers. The energy resolution, demonstrated with a prototype detector under test beams, is given by σ E /E = 16.53%/ E([GeV]) ⊕ 1.07% [40] .
The reconstruction of photon candidates has been improved with respect to [10] by employing a dedicated photon reconstruction algorithm [41] , which is part of the Pandora Particle Flow Algorithm software package [42] . The potential of the highly granular ECAL is exploited, so that nearby photons can also be separated. At the same time, the photon splitting occurs at a maximum as low as 1.02 reconstructed photons per generated photon [11] as opposed to 3.5 in earlier studies [10] .
BeamCal reconstruction
The electromagnetic calorimeters in the very forward region (BeamCal) [43] are crucial for several aspects of the WIMP search. The BeamCal is placed on each side of the detector, centred around the outgoing beam pipes covering a polar angle range from 5.6 to 42.9 mrad. * They are thus the subdetectors closest to the beam pipe with an inner opening of only ∼20 mm. Each BeamCal consists of 40 layers of 0.3 mm diamond sensors interleaved with 3.5 mm thick tungsten absorbers. In Fig. 3 , the energy depositions in one of the BeamCal layers is shown. The round opening in the centre of BeamCal accommodates the outgoing beam pipe, while the left part of the keyhole-shaped opening hosts the incoming beam pipe. While the isolated cluster near x = y = 10 cm corresponds to a high-energy electron, as e.g. from Bhabha scattering, the large energy deposition around the beam pipes originates from the overlay of e + e − pairs. With these energy depositions, the beam parameters can be determined [45] . The obtained precision can be used to calculate the systematic uncertainties on the luminosity spectrum, as we will discuss in more detail in Sec. 3.5. On the other hand, the pair background makes the identification of particles from hard-scattering events, e.g. the outgoing leptons from low-angle Bhabha scattering, challenging.
For the BeamCal reconstruction, the MARLIN processor BEAMCALCLUSTERRECO [39] is used. In order to prevent reconstructing hits which are likely to stem from overlay, any energy deposition in a pad is ignored if it is less than two standard deviations above the average expected from pair background or if the energy is below a threshold of 0.01 GeV. The first layer is not considered in the reconstruction, because the overlay is dominated by low-energy particles which deposit their energy mainly in the first layers. As the next step, cluster candidates are formed from towers, which comprise a minimum of six pads in consecutive layers, which passed the criteria above. If the cluster energy is higher than 36 GeV, it is considered as a reconstructed particle. The cuts have been optimised to reconstruct electrons above 50 GeV, while minimising the number of fakes, i.e. clusters formed from hits from overlay. In this way, reconstructed objects are likely to be high-energetic particles from the hard interaction, e.g. Bhabha scattering leptons and therefore events with reconstructed BeamCal object are vetoed.
In Fig. 4 , the electron identification efficiency in BeamCal averaged over the azimuthal angle is shown as a function of the polar angle. For large angles, corresponding to the outer part of the calorimeter, the identification is perfect for 200 GeV electrons and above 95% for 30 GeV electrons, but decreases for smaller angles. At about 20 mrad, there is a step-like drop since the averaging over the azimuthal angle includes the keyhole-shaped uninstrumented region for the incoming beam pipe. Closer to the centre, the efficiency decreases further because of the increasing overlay (visible in Fig. 3 ). The decrease occurs at lower angles for higher electron energies. The performance of BEAMCALCLUSTERRECO for electrons with an energy of 50 GeV is better than with the previous BeamCal reconstruction for electrons with an energy of 75 GeV (black triangles) [43] . In addition, the new approach is deemed more realistic because it also models the possibility of additional fake electron candidates.
Analysis
In this section, we describe the modeling of signal and background events, in particular with respect to the photon radiation, as well as the event selection and the evaluation of systematic uncertainties.
The data samples
The Monte Carlo simulation is based on data samples for the background processes of neutrino pair production and Bhabha scattering at a centre-of-mass energy of 500 GeV. For the neutrino pair production, all three generations (ν e , ν µ , ν τ ) are considered and in total about 16,000,000 events are produced for the two possible configurations of opposite beam polarisation. For Bhabha scattering, all four polarisation combinations are generated with a total of about 12,000,000 events. The events are generated with 100% polarisation and are weighted to the studied polarisation configurations and the integrated luminosity of the running scenario. The events are generated using WHIZARD 2.4.4 [46] , which provides a realistic treatment of the ILC environment by taking into account the beam energy spectrum, the polarisation of the beams, and initial state radiation (ISR).
Modelling of ISR photons
The ISR photon is the only detectable particle in the signal process and in the neutrino background. The photon distributions have to be carefully modelled because both the energy distribution rises towards soft photons and the angular distribution rises towards collinearity. In addition, more than one ISR photon can be emitted with polar angles high enough to interact with the detector.
For ISR, the standard routine within WHIZARD is used. The dedicated parametrisation comprises all orders of soft and soft collinear photons and the first three orders of hard collinear photons. With this routine, the most accurate total cross-section is obtained. This description, however, does not provide the correct distribution of the number of photons and their angular and energy distributions. Thus, these photons should not be taken as the signal photon. To avoid a reconstruction in the detector, their polar angle is restricted to zero. † In order to obtain the correct differential distributions of detectable photons, the photons are included in the matrix elements for neutrino and Bhabha scattering processes. In this way, the number of photons can be controlled and the energy and angle distributions are modelled correctly. All photon multiplicities with a cross-section not less than four orders of magnitude lower than the leading order, i.e. with one ISR photon, are taken into account by separate data sets with different numbers of photons in the matrix element (1-4 photons in the case of neutrino pair production and 1-3 for Bhabha scattering).
WHIZARD allows to set cuts on the kinematics of all particles, including the ISR photons, which is crucial to reduce computational time. The exact definitions of the cuts can be found in Sec. 5.3.2 of [11] . The phase space is adjusted to the requirements on the photon of the signal definition, see Sec. 3.3.1. At least one of the generated matrix element photons has to fulfill 4 • < θ < 176 • and p T > 1 GeV. † In later WHIZARD versions the ISR routine has been updated to give a better description of the recoil, however not of the photons.
Modelling of Bhabha scattering
For the generation of Bhabha scattering events, an inclusive Bhabha generator like BHWIDE [47] could not be used because it does not allow to place cuts on the energy and angle of the photons at event generation time, which is required in order to obtain a sufficiently large sample of events in the signal definition in a practical way. Instead, WHIZARD is used which allows to apply generator-level cuts directly on the photons. The target is to cover at least the full detector angular range, so that the effect of the acceptance loss can be studied.
Compared to neutrino pair production, additional cuts have to be applied in the case of Bhabha scattering, because the cross-section diverges for certain combinations of the particles' momenta and hence these regions in parameter space have to be avoided.
One of the cases is already avoided by the signal definition. By requiring a minimum transverse momentum for the photon, which is balanced by the transverse momentum of the outgoing leptons, the probability that at least one lepton hits the detector is increased, which allows an identification of this background process. For the full set of cuts in the event selection see Sec. 3.3.
Some of the remaining divergencies have to be avoided by additional cuts at the generator level. Either the invariant mass or the four-momentum transfer of the problematic pairs of particles is constrained (see [11] Sec. 5.3.2.2 for details). As a consequence, not the full phase space is generated, i.e. there are no leptons in the very forward region. Even though the distribution of one of the leptons is shifted away from zero (because of the transverse momentum cut in the signal definition), the tails of the distribution should also extend to lower angles and hence the cross-section might be underestimated. In Fig. 5 , the empty region around φ = 0 • and θ < 0.5 • visualises the missing phase space. Without this unavoidable cut the cross-section might be higher. The moderate effect of a different level of the Bhabha scattering background is studied in Sec. 4.3. Nevertheless, the angular range lies outside of the coverage of ILD which extends to θ ≈ 0.5 • . The φ -dependent shape of the inner rim of the most forward detector BeamCal is indicated by the black line in Fig. 5 . As the complete instrumented region is modelled, the detector activity, and hence also the event selection, are described in a realistic way.
A part of the missing phase space is modelled using an angular cut instead of the four momentum transfer. The resulting complementary data set with opposite cuts than the standard set is added to the background. An illustration of the impact of these samples will be given later in Fig. 10 in Sec. 3.3 when the event selection is discussed. As this data set is available only at the generator level, the event selection is simplified (see [11] Sec. 6.1.6.3 for details).
Strategy to obtain the signal events
As the mono-photon analysis is designed to be sensitive to WIMPs with a large variety of properties, a flexible approach to model the distribution of the WIMP observables is chosen. Since mono-photon WIMP production is, on an event-by-event basis, indistinguishable from mono-photon neutrino production, the radiative neutrino events are used to obtain the WIMP distributions by a reweighting procedure. Each event receives a weight according to the ratio of the polarised differential cross-sections for pair production of WIMPs (with a certain set of properties like mass, operator, etc.) and for SM neutrino pair production:
where the -quantities are calculated at the generator level in the reference frame of the χ χγ and the ννγ system, respectively, with γ being the photon with the highest transverse momentum. It is sufficient to consider the single differential cross-sections dσ /dE γ , since the similarity of the dependence on the polar angle allows to integrate over the polar angle. Two different sets of weights are applied, with integration boundaries of the polar angle adjusted to the two different (φ -dependent) minimum transverse momentum cuts. Only for very forward angles a third set of integration boundaries is required.
As described in Sec. 3.1, the radiative neutrino events are generated with the ILC luminosity spectrum, soft collinear ISR photons and up to four matrix element photons. Since the reweighting addresses only the hard subprocess, the effects of the luminosity spectrum and those of the additional ISR photons are transferred to the WIMP events, so that the effects of a realistic description of the ILC environment are also taken into account in the signal events.
The WIMP cross-section is evaluated for different WIMP masses M χ and the three operators using the formulae derived in [12] . The SM cross-sections are obtained using WHIZARD in bin sizes for E γ and √ s of up to 10 GeV. More details can be found in [11] Sec. 7.1.1. In Fig. 6 , three examples of photon energy distributions for different WIMP masses are shown, assuming that the WIMP production is mediated by a vector operator, obtained by the reweighting procedure. As expected, with increasing WIMP mass the photon spectrum is more and more truncated towards smaller energies. ‡ The height of the peak region is only changing moderately for a large range of WIMP masses. Only for the highest mass, the total number of signal events starts to decrease more significantly.
Event selection
In accordance with the characteristics of the mono-photon signature, the event selection requires the presence of an isolated high-p t photon and the absence of any other significant detector activity. Both requirements are explained in detail in the following subsections. An overview of all cuts can be found in Table 2 . Since the WIMP signal is on an event-by-event basis indistinguishable from the SM neutrino events, the event selection has been optimised to retain as many νν +1γ events as possible while rejecting events with several photons as well as Bhabha scattering events. Figure 6 : Photon energy spectra for different WIMP masses, assuming that the WIMP production is mediated by a vector operator. The endpoint moves to smaller energies with increasing WIMP mass. Table 2 : Event selection: criteria one photon has to fulfill for the signal definition and event vetos to reject further detector activity.
Photon selection
In each event, the reconstructed photon with the largest transverse momentum is considered as the "signal photon", which has to fulfill the set of cuts summarised in the upper half of 
and are expressed in the coordinate system of BeamCal, which is centred around the outgoing beam pipe and is thus tilted by half the crossing angle of 7 mrad with respect to the main detector axis. As the cross-section steeply rises with p t,γ , the cuts are chosen as loosely as possible and the precise values correspond exactly to one BeamCal pad as safety margin. The p T cuts are complemented by an energy threshold with a similar value (2 GeV), but expressed in the main coordinate system, to exclude soft reconstructed objects which might be noise in the calorimeter. A maximum energy cut of 220 GeV is applied to avoid the large background rates around the photon energy corresponding to the resonance of the radiative return to the Z boson at E γ 242 GeV for √ s = 500 GeV.
Veto on further detector activity
Events with only little detector activity besides the photon are selected by three criteria based on (i) charged particles in the event, (ii) the visible energy in the detector and (iii) the activity in the forward region of the detector. In order to keep as many signal-like events in the presence of overlay, the cuts are designed exploiting the properties of the overlay. The fact that the overlay contains typically particles with low energies and transverse momenta can be used to keep them. As the overlay is hadronic the cuts on non-hadronic particles are tighter.
(i) The p t distribution of the reconstructed charged particles in νν + Nγ and e + e − + Nγ events is shown in Fig. 7 , categorised in terms of the true particle type. The categories are formed by testing consecutively if any fraction of the hits contributing to the reconstructed track are created from overlay or photons or, in the case of Bhabha scattering, electrons. Tracks identified as electrons (or positrons), shown in Fig. 7 (a) and 7(c), are dominated by the e ± from Bhabha scattering, but also receive significant contributions from photon conversions. The contribution from overlay backgrounds, which are present at the same level in the signal events (not shown), dominate at the lowest p t bin. In case of the tracks identified as other charged particles, i.e. hadrons or muons, shown in Fig. 7 (b) and 7(d), the contribution from overlay is much more prominent and extends to higher p t values. Therefore, only charged particles with a transverse momentum above 3 GeV lead to a rejection of the event, while the veto condition is tightened to 0.5 GeV in the case of electrons.
(ii) In Fig. 8(a) , the energy sum E all of all reconstructed particles with individual energies above 5 GeV for νν + Nγ and e + e − + Nγ events are shown, not including the signal photon and energy depositions in BeamCal. In Fig. 8(b) , the analogous sum E nohad when omitting hadrons (i.e. reconstructed charged pions and neutrons) is shown. Events with E all > 30 GeV or E nohad > 10 GeV are rejected.
(iii) The last criterion is tat no clusters may be reconstructed in BeamCal. § As shown in Fig. 9 , Bhabha scattering is effectively suppressed, whereas only 2% of neutrino events contain a BeamCal cluster, which is mainly due to additional ISR photons. In the νν + 1γ sample, which by construction does not contain photons in BeamCal, fake clusters from fluctuations in the energy depositions from pair background occurs in about 0.5% of the events.
The effect of these cuts on the radiative neutrino and Bhabha scattering events is summarised in Tables 3 and 4, normalised to 1 fb −1 of data. In Table 3 , the efficiency of the veto cuts is given with respect to the number of events fulfilling the signal definition. The efficiency to select signal-like events, i.e. neutrino pair production events with a single ISR photon, is 83% for unpolarised beams.
In Table 4 the number of selected events for various polarisation choices is shown. While the number of Bhabha scattering events is practically the same for all polarisation combinations, the number of selected neutrino events is highly polarisation-dependent and varies by one order of magnitude between P(e − , e + ) = (−80%, +30%) and (+80%, −30%). § Due to the different approach in the reconstruction of the BeamCal response (as described in Sec. 2.2), BeamCal objects are not considered in the previous cuts. The photon energy distribution as obtained after applying the signal definition is shown in Fig. 10(a) , normalised to 500 fb −1 of unpolarised data. The photons from the additional Bhabha scattering data set, discussed in Sec. 3.1.2, are shown in dark red and smoothly fill up the Bhabha scattering distribution at low photon energies. In Fig. 10(b) , the same distribution after the application of all cuts is shown. Whereas Bhabha scattering is the dominant background after the signal definition cuts, it is suppressed to the per mille level, in particular by the BeamCal veto. On the other hand, 77% of the signal-like neutrino events are kept, making this the dominant background to the WIMP signal. The efficiency for the radiative neutrinos depends slightly on the choice of beam polarisation, varying between 71% and 78%. This occurs due to the different relative contribution of the s-channel Z exchange diagram, for which the radiative return to the Z pole increases the probability to have additional ISR photons with substantial energy. These ISR photons (in addition to the signal photon) can thus lead to a higher visible energy and are more likely to be reconstructed if they hit BeamCal and hence a larger fraction of those 
Sensitivity calculation
The energy spectra of the selected photon candidates for signal and background events are shown in Fig. 6 and Fig. 10(b) , respectively. These spectra, together with the systematic uncertainties, are input to the sensitivity calculation (discussed in Sec. 3.5), which follows a frequentist approach based on fractional event counting [48] . For each of the three operators defined in Table 1 , WIMP mass hypotheses between 1 and 250 GeV have been tested in steps of 1 GeV.
The sensitivity will be presented in terms of the expected exclusion reach at 95% confidence level and the expected 5σ discovery reach. The confidence levels of the expected exclusion limits are calculated according to the "CL s method", i.e. CL exclusion = 1 − CL s+b /CL b [49, 50] and the confidence level of a discovery is calculated according to CL discovery = 1 −CL b . The photon energy is taken as a discriminating variable. The package TSYSLIMIT is used, which was originally written for a leptoquark analysis at HERA [51] . The approach is optimised for systematic uncertainties by downgrading the weights entering the test statistic of bins with large systematic uncertainties. This is important due to the substantial amount of remaining background.
The sign of the beam polarisations is foreseen to be flipped continuously on the time scale of tenths of seconds, namely from bunch train to bunch train, i.e. much faster than the typical time scales of experimental systematic effects, which depend e.g. on alignment, calibration and configuration of the detectors and the accelerator. Due to this fast helicity reversal, the experimental uncertainties are expected to be correlated to a high degree between the data sets collected at the same energy, but with different polarisation sign configurations. Note that this correlation does not apply between data sets of different centre-of-mass energies, which need to be taken consecutively, typically in different years, and thus cannot be assumed to receive the same size and magnitude of systematic effects. More information on the interplay of polarised beams with fast helicity reversal and systematic uncertainties can be found in [52] .
Systematic uncertainties
The following sources of systematic uncertainties are taken into account in the sensitivity calculation:
(i) Shape of luminosity spectrum: The effect of the shape of the luminosity spectrum has been specifically studied for this paper. It is the dominant source of systematic uncertainties, with values between a few per mille and a few percent, depending on the physics process, the WIMP mass, beam polarisation and photon energy.
(ii) Luminosity: The uncertainties in the luminosity measurement by counting Bhabha scattering events in the forward detectors LumiCal add up to 2.6 per mille [53] .
(iii) Beam polarisation: The precision of 0.2-2.5 per mille is obtained by combining the polarimeter measurements with collision data [54] .
(iv) Event selection: The uncertainty on the event selection is estimated from a fit to the peak of the radiative return to the Z boson [10] . With the higher integrated luminosity of this study the uncertainty is scaled to 2 per mille (c.f. Sec. 7.4.3 in [11] ).
(v) Theory: The uncertainty on the cross-section is given by 1.3 per mille, a typical value for the uncertainty obtained by the matrix element calculation of O'MEGA [55] within WHIZARD.
(ii)-(v) are considered as normalisation uncertainties only. Additional shape-dependent components are assumed to be covered by the rather conservative treatment of (i), which will be discussed in the following. The effect of these uncertainties on the sensitivity will be discussed in Sec. 4.2.
The shape of the luminosity spectrum can be determined with two complementary techniques: Beam-Cal has been designed to provide online monitoring of the energy depositions from beamstrahlung. From the shape of these energy depositions, optionally assisted by the measurement of GamCal, an even more forward calorimeter, the beam parameters can be extracted for every couple of bunches [45] . This timeresolved method is complemented by a long-term average determination of the luminosity spectrum from low-angle Bhabha scattering [56] . The following analysis is based on the online method only and can thus be considered as a conservative estimate of the effect of the luminosity spectrum -or it can be considered as a proxy for other, additional shape uncertainties, e.g. from selection efficiencies.
In the first step, the shape of the luminosity spectrum is obtained by simulating the beam-beam interactions using GUINEAPIG [29] . The simulation is repeated 200 times with random variations of number of particles per bunch, the horizontal emittance and the horizontal β function, which have been identified to be the parameters which influence the shape of the spectrum the most. The size of the variations is chosen according to the 1σ uncertainties obtained in [45] . In Fig. 11(a) , the bin-wise average values and standard deviations of the 200 luminosity spectra are shown.
In order to study the effect of this variation, two spectra with maximally different shapes within 1σ uncertainties are constructed, referred to as upper and lower envelope in the following and displayed in Fig. 11(b) . The upper envelope is obtained by taking the central value plus the 1σ uncertainty in each bin and the lower envelope with the 1σ uncertainty subtracted. As the integral of the curve, i.e. the total luminosity, is measured independently, the two envelopes are normalised such that they differ only in shape.
The uncertainty on the photon spectrum is obtained by weighting the individual events with the ratio "envelope" to "nominal" for the centre-of-mass energy of the event, obtained using generator-level information. The resulting uncertainties on the signal and background photon spectra, corresponding to the two envelopes, are shown in Fig. 12 . In case of the background, the resulting uncertainty on the photon energy spectrum exhibits a similar shape for all polarisation settings, but differs in magnitude. The larger the relative contribution of the s-channel Z exchange, the larger are the uncertainties, reaching nearly 3% in the worst case. In the case of the signal, the values are independent of the polarisation, but depend on the WIMP mass and increase with increasing WIMP mass to a maximum value of about 1%.
For more details such as the small dependency on the type of operator, see Sec. 7.5. in [11] .
Results for 500 GeV
In this section, we present the sensitivity of the ILC to WIMP production solely based on the full detector simulation study at a centre-of-mass energy of 500 GeV. The sensitivity will be presented in the plane of the new physics scale Λ versus the WIMP mass M χ . All Λ values below the curve can be discovered or excluded, depending on the tested hypothesis. The testable energy scales are always well above the centre-of-mass energy and hence effective operators are a suitable approach. A grey area indicates parameter space which cannot be tested using effective operators, taken here as Λ ≤ √ s. The normalisation and shape-dependent systematic uncertainties presented in Sec. 3.5 are taken into account in the results.
At a centre-of-mass energy of 500 GeV, the baseline running scenario for the ILC comprises 4 ab −1 of data shared between the different polarisation sign configurations of 40% for each of (−, +) and (+, −), and 10% for each of the equal-sign configurations, as introduced in Sec. 2.1.2. Fig. 13 shows the discovery and exclusion reach for this data set, based on confidence levels of 5σ (i.e. 99.99994%) and 95%, respectively. WIMP masses up to almost half the centre-of-mass energy can be tested. The sensitivity decreases for higher WIMP masses. In the case of the vector operator, the plateau with constant testable energy scales continues to significantly higher WIMP masses than for the other operators. The independence of the WIMP mass for a large range of masses can be explained by the small difference of the dominating peak regions of the corresponding photon spectra (see Fig. 6 ). WIMP production could be discovered for new physics energy scales Λ up to about 1 TeV, with the best sensitivity to the vector operator, followed by the axial-vector and scalar operators. At 95% confidence level, energy scales up to 
Impact of beam polarisation
The beam polarisation plays a very important role for the mono-photon signature as it strongly suppresses the ννγ background in the case of a mainly right-handed electron beam. The interplay of beam polarisation and systematic uncertainties will be discussed in the next section. In Fig. 14(a) , the expected sensitivity at 95% confidence level for the example of the vector operator for four cases are compared: (1) both beams unpolarised, (2) only polarised electrons with +80%, and additional positron polarisation with (3) −30% and (4) −60%. The integrated luminosity is 500 fb −1 in all cases. It shows that the reach in Λ is increased by up to 60% by choosing the optimal polarisation configuration. This is mostly due to the background suppression in the case of a mainly right-handed electron beam, as illustrated in Fig. 14(b) . With left-handed positrons, the total number of background events can be further reduced, especially at lower energies. The effect of the beam polarisation on the signal cross-section is smaller and depends on the type of operator. Thus the polarised cross-sections can be used to characterise the WIMP-SM interaction in case a signal is observed, as has been studied e.g. in [10] . 
Effect of the systematic uncertainties
In order to illustrate the impact of the systematic uncertainties, and the role of their correlation across data sets with different beam polarisations taken "quasi-concurrently" due to the fast helicity reversal, the expected sensitivity at 95% confidence level for the vector operator has been calculated for different assumptions on the polarisation: the unpolarised case, the optimal beam polarisation alone, and the canonical polarisation mix of the H20 scenario (c.f. Sec. 2.1.2). In Fig. 15(a) , the results are compared when considering statistical uncertainties only, whereas, in Fig. 15(b) , the same scenarios receive the full treatment of the systematic uncertainties. For the case of statistical uncertainties only, the limits mainly depend on the number of signal and background events and hence the largest sensitivity is obtained when investing the full 4 ab −1 into the configuration which suppresses the background most, namely P(e − , e + ) = (+80%, −30%), which is of course not a realistic scenario. But even for the 1.6 fb −1 data set with P(e − , e + ) = (+80%, −30%) contained in the H20 scenario alone the performance is significantly better than for 4 ab −1 of unpo- larised data. The sensitivity of the H20 mix is dominated completely by its share with P(e − , e + ) = (+80%, −30%).
When the systematic uncertainties are considered, the picture changes completely. The smaller the signal-to-background ratio and the larger the data set (thus the smaller the statistical uncertainties are), the bigger the loss in sensitivity due to the systematic uncertainties. This means that the unpolarised data set suffers most and, especially for small WIMP masses, the probed reach in Λ shrinks by nearly a factor of two. For the pure P(e − , e + ) = (+80%, −30%) data sets, the reach is reduced by 20 − 25%. The largest reach now is provided by the data set with the polarisation mix, which loses only 10% in reach and outperforms now even a data set with the same integrated luminosity and the optimal polarisation combination alone. It can thus be concluded that beam polarisation is important to provide separate data sets with different helicity combinations, resulting in different signal-to-noise ratios, where data sets with a suppressed signal production act as a kind of control sample which separates the effect of systematic uncertainties from the presence of a signal. The mass dependence of the limit curve also differs from case to case. For higher masses, there is a signal-free control region at high photon energies. In the unpolarised case, the sensitivity to higher WIMP masses is therefore better than to lower masses. Since the background at highest photon energies rises with polarisation, as can be seen in Fig. 14(b) , the effect of the control region is diminished.
In order to understand better how the reachable energy scale Λ evolves with the integrated luminosity depending on the beam polarisation configuration, the different scenarios are tested with integrated luminosities between 50 fb −1 to 5 ab −1 . The evolution of the sensitivities for the vector operator and WIMP masses of 1 GeV is shown in Fig. 16 . In Table 5 the fitted proportionalities of the sensitivities to the integrated luminosities are shown for all three operators and WIMP masses of 1 and 200 GeV. By far the worst results would be obtained for the pessimistic assumptions of having no beam polarisation. At very low integrated luminosities, the polarisation mix is worse than the unrealistic assumption to operate at the optimal polarisation configuration alone. But already at about 500 fb −1 , the lines intersect and, for larger data sets, the polarisation mix is clearly better. So, if the limits are based on several input parameters, the rise is significantly steeper and almost independent of WIMP mass and operator. Here the effect of the systematic uncertainties is significantly smaller and these proportionalities are close to the expectations for statistical uncertainties only (Λ ∝ L 1/8 ). For the corresponding results for the axial-vector and scalar operator see [11] Fig. 7 
Detector effects
Two aspects of the detector performance which could influence the mono-photon WIMP search are the hermeticity of the detector and the photon reconstruction in the electromagnetic calorimeter. The impact of the ECAL resolution is tested by smearing the generated energy with the unrealistically optimal energy resolution of σ E /E = 1%/ √ E. The result is not modified in any significant way with respect to the full simulation case, so it can be concluded that the design of ECAL is sufficient for the WIMP study.
The situation is very different in case of the hermeticity, where we find a strong dependence on the lowest polar angle under which high energetic electrons from Bhabha scattering can be efficiently detected. In order to give a quantitative estimate on how the Bhabha scattering background influences the reachable sensitivity, the number of background events is scaled up or down in the sensitivity calculation. In Fig. 17(a) , it is shown how the expected exclusion limit changes with respect to the limit for the full simulation as a function of this modified background level. With a better background rejection, the improvement would be moderate, i.e. less than 10% for 10 times less Bhabha background. If, on the other hand, more background events survived the event selection, the testable energy scale would drop by about 600 GeV for a 10 times higher remaining background.
Based on the predicted angular spectrum of radiative Bhabha scattering, the number of remaining events can be translated into the lowest polar angle θ eff under which the detector has to be able to tag high energetic electrons in order to reach a certain background level. The result is shown in Fig. 17(b) . For the ILD detector and in the presence of the e + e − pair background expected from beamstrahlung, this angle is about θ eff = 7 mrad. ¶ The detector concepts proposed for future circular colliders do not foresee instrumentation so close to the beam pipe, since their final focus quadrupoles have to be inside the main detector in order to achieve the high luminosities. The acceptance typically starts with the luminosity calorimeters at θ = 20 mrad (CEPC [57] ) or even θ = 30 mrad (FCC-ee [58] ). For θ eff = 20 mrad, the expected Λ 95 would be reduced by about 700 GeV.
Effect of the centre-of-mass energy
Even though the full simulation is performed at a centre-of-mass energy of 500 GeV, approximate results can be given for other energies. In Sec. 5.1 and 5.2 two different approaches are presented: In the first approach the signal and background photon spectra are modified to correspond to other ILC centre-ofmass energies, and then the full sensitivity calculation procedure is applied. Since this approach is CPUtime consuming and limited to centre-of-mass energies lower than the 500 GeV of the full simulation analysis, the second approach is based on an extrapolation directly in terms of Λ. In Sec. 5.3, approximate results for other planned lepton colliders are compared to the sensitivity of the ILC.
Adaptation of photon spectra to other centre-of-mass energies
With a few fairly simple modifications, approximate signal and background spectra for other centre-ofmass energies can be obtained from the photon energy distribution of the full simulation study at 500 GeV (i.e. Fig. 10(b) ). Based on these, the sensitivity can be computed for different WIMP masses including the full treatment of the systematic uncertainties. As this requires to calculate the CPU-intensive reweighting of neutrino to WIMP events, only a limited number of configurations can be tested. This approach can be applied to centre-of-mass energies smaller than the 500 GeV of the full simulation in order to have data available over the full range of accessible photon energies.
For the signal photon energy spectrum, the parameter √ s in the procedure to reweight neutrino to WIMP events (c.f. Sec. 3.2) is adjusted with the ratio of the tested centre-of-mass energy and the centre-of-mass energy of the full simulation (500 GeV). Due to the energy-dependence of the cross-section, the signal height decreases noticeably with the centre-of-mass energy. The shape of the background photon energy spectrum is approximated by rescaling the energy axis with the ratio of the centre-of-mass energies. The overall height is modified by scaling the distribution with the cross-sections at the tested centre-of-mass energy and the one at 500 GeV, which are calculated with Whizard using a simplified signal definition at the generator level. For simplicity, the effect of the systematic uncertainties is assumed to be the same as for the full statistics at 500 GeV. Even though the effect of the luminosity spectrum is expected to be smaller for lower energies, the effect of this change on the final result is expected to be negligible within the accuracy of this setup.
[GeV] In Fig. 18 , the results for 250 and 350 GeV, i.e. the other two energy stages in the H20 running scenario (c.f. Sec. 2.1.2), are shown together with the expected exclusion limit at 500 GeV from the full simulation study. In general, WIMP masses up to approximately half the centre-of-mass energy can be tested. The probed energy scales Λ also depend strongly on the centre-of-mass energy: The small integrated luminosity of 200 fb −1 at 350 GeV is still sufficient to surpass the reach of a ten times larger data set (2 ab −1 ) at 250 GeV. This shows that the rise of Λ with the centre-of-mass energy is much faster than with the integrated luminosity. For lower WIMP masses, the combination of the three limits shows a small improvement of about 5% over the result at 500 GeV.
Extrapolation of the sensitivity to other centre-of-mass energies
As a faster alternative an approximate formula of the energy scale Λ which can be probed for a fixed WIMP mass as a function of the centre-of-mass energy and the integrated luminosity has been derived in Sec. 8.4 of [11] . This approach can also be used to extrapolate to higher centre-of-mass energies. This method is based on an approximate energy-dependence of the fiducial background cross-sections calculated with WHIZARD [46] , and the assumption that the energy-dependence of Λ 95 is dominated by the change in signal and background statistics. It has been verified explicitly in [11] that for constant luminosity, this assumption holds to a very good precision. As shown in Sec. 4.2, however, the sys-tematic uncertainties strongly affect the dependence of Λ 95 on the integrated luminosity. Therefore, the luminosity-dependence is taken as determined in the full simulation analysis, given in Table 5 .
While being very fast, this procedure is limited to one data set at a time, i.e. with one polarisation combination and cross-section, and to low WIMP masses where the limits show no variation with mass. In Fig. 19 , such a sensitivity scan is shown for the pessimistic assumption of unpolarised beams and for the optimal polarisation configuration P(e − , e + ) = (+80%, −30%), for a WIMP mass of 1 GeV. This two-dimensional presentation clearly confirms that a higher centre-of-mass energy is more beneficial than collecting large amounts of data at a lower centre-of-mass energy. With this extrapolation formalism, approximate results for a centre-of-mass of 1 TeV, i.e. for an upgrade of the ILC, can be given for the first time. The canonical integrated luminosity for 1 TeV is 8 ab −1 , with the same sharing between polarisation configurations as for 500 GeV [32] , thus 3.2 ab −1 will be collected with the most favourable sign configuration of P(e − , e + ) = (+80%, −20%) . Considering only this most powerful part of the data, the expected sensitivity at 95% confidence level for production of low mass WIMPs mediated by a vector (axial-vector) operator is Λ 95 = 4760 GeV (Λ 95 = 4220 GeV). Comparing this e.g. to the case of collecting the full 8 ab −1 without any beam polarisation, which would yield Λ 95 = 2850 GeV (Λ 95 = 2850 GeV) for the vector (axial-vector) case, this shows again the potential of polarised beams.
The effect of the slightly lower positron polarisation of 20% can safely be neglected here, see e.g. Fig. 14(b) .
Comparison to other proposed lepton colliders
The extrapolation techniques introduced in the previous subsections can also be used to address the question of how the reach of the mono-photon search compares for the different luminosities, energies, and polarisation settings offered by the currently proposed lepton colliders. We neglect the impact of differences in the detector acceptance discussed in Sec. 4.3, as well as differences in the luminosity spectrum (c.f. Sec. 3.5). The systematic uncertainty associated with the ILC beam energy spectrum, which would not apply to circular colliders, reduces the expected sensitivity at 95% confidence level by about 260 GeV in the full simulation study [11] . On the other hand, the effect of a worse detector acceptance due to final focus magnets inside the main detector volume as required for circular colliders amounts to about 700 GeV. Ignoring both effects in our extrapolations is thus a generous approach towards circular colliders. Figure 20 : Expected sensitivities at 95% confidence level for M χ = 1 GeV, the vector operator and different settings for centre-of-mass energy, integrated luminosity and polarisation combination.
In Fig. 20 and 21, the expected sensitivities at 95% confidence level for the vector operator and small WIMP masses are compared for different running scenarios. In Fig. 20 , the sensitivities of the anticipated first stages of the proposed experiments are shown (in linear scale) which are complemented by approximate results for higher centre-of-mass energies in Fig. 21 (here shown in logarithmic scale).
The ILC result for the 250 GeV stage corresponds to the lowest line in Fig. 18 , i.e. it is obtained using the first approach, as presented in Sec. 5.1. The sensitivity of the other planned lepton colliders is approximated with the second approach, see Sec. 5.2. The second and third bars give estimates inspired by the case of circular colliders, CEPC [57] and FCC-ee [58] , all without beam polarisation. None of these configurations with integrated luminosities of 5 ab −1 at 250 GeV and 1.5 ab −1 at 350 GeV surpasses the sensitivity of the ILC's 2 ab −1 of polarised data at 250 GeV, which would require 10 ab −1 at 350 GeV to be reached with unpolarised beams. The polarisation is not only essential to reduce SM backgrounds, but also (as discussed in Sec. 4.2) to control systematic uncertainties, which becomes more and more important with increasing size of the data set. The limited increase with higher integrated luminosities for unpolarised beams is also illustrated in Fig. 16 . The CLIC result at 380 GeV with only 0.5 ab −1 shows again that a higher centre-of-mass energy is favored over high integrated luminosities. This conclusion is further confirmed by the extension to higher centre-of-mass energies in Fig. 21 . For the ILC setup at 1 TeV and the CLIC configurations, only the data sets for P(e − ) = (+80%) (and in the case of the ILC P(e + ) = (−20%)) are taken into account, as they dominate the sensitivity. Figure 21 : Expected sensitivities at 95% confidence level for M χ = 1 GeV, the vector operator and different settings for centre-of-mass energy, integrated luminosity and polarisation combination.
Conclusions
The expected sensitivity of the ILC to WIMP dark matter was studied based on pair production of WIMPs in association with an ISR photon. In a full simulation of the ILD detector concept, the expected discovery and exclusion reach were evaluated for WIMP masses up to 250 GeV at a centre-of-mass energy of 500 GeV. Dedicated data sets of the most important Standard Model background processes, namely neutrino pair production and Bhabha scattering, were produced with up to 4 detectable photons in the matrix element. This is the first WIMP study at the ILC with a thorough treatment of the systematic uncertainties and their correlations. The results are expressed in terms of the energy scale of the new interaction Λ in the framework of effective operators. With an integrated luminosity of 4 ab −1 shared between all four polarisation sign combinations, up to Λ 95 = 3 TeV can be probed at the 95% confidence level and a signal with Λ 5σ = 1 TeV could be discovered if the WIMP production is mediated by a vector operator. Polarised beams are essential to reduce the Standard Model background from neutrino pair production and, depending on the tested effective operator, can increase the signal, which leads to an improved sensitivity of 50% or more. In addition, the impact of systematic uncertainties can be reduced significantly when combining data with different polarisation settings. In absence of polarisation, these benefits cannot be easily compensated for by increasing the luminosity. Furthermore, the hermeticity of the detector in the very forward region is crucial for this type of analysis. Results degrade by about 25% if the detector acceptance starts only at 20 mrad rather than at 6 − 7 mrad as in case of the ILD detector.
The results of the full detector simulation study at 500 GeV have been extrapolated to other centreof-mass energies. This shows that already the first stage of the ILC at √ s = 250 GeV can probe new physics scales of Λ 95 of up to ≈ 1.4 TeV with 2 ab −1 of polarised data. With the upgrade to √ s = 1 TeV, already a data set of 3.2 ab −1 with P(e − , e + ) = (−80%, +30%) can probe scales of up to Λ 95 = 4.8 TeV and 4.2 TeV for vector and axial vector operators, respectively.
This study demonstrates that the ILD concept meets the key requirements of a WIMP search in the mono-photon channel. It also shows the decisive role of beam polarisation and of higher centre-of-mass energies for this aspect of the physics programme of future lepton colliders.
